
JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY

Volume 38, No. 1, February 2025

http://dx.doi.org/10.14403/jcms.2025.38.1.45

A GENERAL TYPE OF EXPANSIVE

DIFFEOMORPHISMS

Manseob Lee

Abstract. In the paper, we consider a general type of measure ex-
pansive diffeomorphisms which is called expanding measure. Using
this notion, we prove that if a transitive set Λ is robustly expanding
measure then Λ is hyperbolic.

1. Introduction

LetM be a closed smooth manifold without boundry with dimM ≥ 2.

Expansivity was introduced in [16]. A dffeomorphism f : M → M

is -expansive if there exists a constant δ > 0 (called a expansive con-

stant) such that if for any x, y ∈ M , d(f i(x), f i(y)) < δ for all i ∈ Z,

then x = y. General notion of expansiveness such as N-expansive([12]),

measure-expansive([13]), continuum-wise expansive([4]), and expanding

measure([2]) are closely related to hyperbolic structure. For exam-

ple, Mañé proved in [11] that if a diffeomorphism f belongs to the

set of expansive diffeomorphisms of M , then it is qausi-Anosov. Here,

a diffeomorphism f is quasi-Anosov if for all v ∈ TM \ {0}, the set

{∥Dfn(v)∥ : n ∈ Z} is unbounded. Also, if a diffeomorphism f belongs
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to the set of N-expansive([5]), measure expansive([15]), and continuum-

wise expansive([14]) then it is quasi-Anosov. From Artigue and [1] and

[12], we see that expansiveness ⇒ N-expansiveness ⇒ measure expan-

siveness ⇒ continuum-wise expansiveness.

By the previous result, we consider a closed f -invariant set Λ ⊂ M .

We say that a closed f -invariant set Λ ⊂ M is robustly P if there exists

a C1 neighborhood U of f and a neighborhood U of Λ such that Λ =⋂
n∈Z f

n(U) and for any g ∈ U , Ug =
⋂

n∈Z g
n(U) is P, where Ug is the

continuation of Λ.

In the definition, P is replaced by expansive, N-expansive, measure

expansive, continuum-wise expansive, and expanding measure.

A compact f -invariant set Λ ⊂ M is said to be hyperbolic for f if

there is a continuous Df -invariant splitting TΛM = Es ⊕ Eu with two

constants C > 0 and 0 < λ < 1 such that (i) ∥Dfn|Es(x)∥ ≤ Cλn for any

x ∈ Λ and n ≥ 0, and (ii)∥Df−n|Eu(x)∥ ≤ Cλn for any x ∈ Λ and n ≥ 0.

Lee and Park [10] proved that if a transitive set Λ is robustly expansive

then Λ is hyperbolic, Lee [6] proved that a transitive set Λ is robustly

continuum-wise expansive then Λ is hyperbolic. About these results, Lee

considered weak measure expansiveness and asymptotic measure expan-

siveness (see [8, 9]). In the paper, we will prove the following.

Theorem A Let Λ ⊂ M be a transitive set of f . If Λ is robustly

expanding measure for f then Λ is hyperbolic for f .
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2. Proof of Theorem A

Let M be as before, and let f : M → M be a diffeomorphism. Denote

by M(M) the set of all Borel probability measures on M with the weak∗

topology and Mf (M) the set of all Borel probability invariant measure

on M . It is known that Mf (M) ⊂ M(M).

Definition 2.1. For any µ ∈ Mf (M), a closed f -invariant set Λ is

said to be an expanding measure if there is a constant δ > 0 (called an

expanding measure constant) such that

µ(Γδ(x, f) \Orbf (x)) = 0

for all x ∈ M, where Orbf (x) is the orbit of x and Γδ(x, f) = {y ∈ M :

d(f i(x), f i(y)) ≤ δ ∀i ∈ Z}.

Lemma 2.2. Let I ⊂ M be a closed arc. If f |I : I → I is the identity

then I is not expanding measure.

Proof. Suppose I is an expanding measure. Let ν be the normalized

Lebesgue measure on I. Then we have an invariant measure µ ∈ M(M)

such that

µ(C) =
ν(I ∩ C)

ν(I)
= ν(I ∩ C),

for any Borel set C ⊂ M . It is clear that µ is a non-atomic measure.

Since f |I : I → I is the identity map, Orb(x) = {x} for all x ∈ I. Then

we see that I \Orb(x) = I − {x} = I1 ∪ I2 and I1 ∩ I2 = ∅. Also, we see

that µ(I \Orb(x)) = µ(I1) + µ(I2) ̸= 0. This is a contradiction.
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The following lemma is called franks’ lemma [3] which is a useful

notion for the C1 perturbations.

Lemma 2.3. Let U(f) be a C1 neighborhood of a diffeomorphism

f : M → M . Then there exist a ϵ > 0 and a C1 neighborhood U0(f) ⊂

U(f) of f such that if g ∈ U0(f), a finite set A = {x1, x2, · · · , xN},

a neighborhood W of A and Li(i = 1, . . . , N) are linear maps Li :

TxiM → Tg(xi)M satisfying ∥Li − Dxig∥ ≤ ϵ for all 1 ≤ i ≤ N , there

exists ĝ ∈ U(f) satisfying ĝ(x) = g(x) if x ∈ {x1, x2, · · · , xN}∪ (M \W )

and Dxi ĝ = Li for all 1 ≤ i ≤ N .

Lemma 2.4. Let Λ ⊂ M be a closed set. If Λ is robustly expanding

measure, then every periodic point p ∈ Λ is hyperbolic.

Proof. Suppose by contradiction there is a periodic point p ∈ Λ which

is not hyperbolic. Then Dpf
π(p) has an eigenvalue λ with |λ| = 1. For

simplicity, we assume that p is a fixed point. As Lemma 2.3, there is

a diffeomorphism g C1 close to f such that g has a closed small arc Ip

if λ ∈ R or a closed small disk Cp if λ ∈ C(see more details [7]). For

the closed sets, we first consider Ip which has the following properties;

g(Ip) = Ip, and g|Ip : Ip → Ip is the identity map. As Lemma 2.2, Ip is

not expanding measure for g. This is a contradiction. Now we consider

Cp. Then we have the following properties: gk(Cp) = Cp for some k ∈ Z,

and gk|Cp : Cp → Cp is the identity map.



A general type of expansive diffeomorphisms 49

Let m be the normalized Lebesgue measure on Cp. We define an

invariant measure µ ∈ M(M) by

µ(C) =
1

k

k−1∑
i=0

m(g−i(gi(Cp) ∩ C)),

for any Borel set C ⊂ M. Also, it is a non-atomic measure. Since

gk|Cp : Cp → Cp is the identity map, we have that

µ(Cp \Orb(x)) =
1

k

k−1∑
i=0

m(g−i((Cp \Orb(x)) ∩ gi(Cp)).

Since m(Cp \ Orb(x)) ̸= 0, we have µ(Cp \ Orb(x)) ̸= 0. This is a con-

tradiction. This means that if a transitive set Λ is robustly expanding

measure then every periodic point in Λ is hyperbolic.

A closed f -invariant set Λ ⊂ M satisfies a local star condition if there

are a C1 neighborhood U of f and a neighborhood U of Λ such that, for

any g ∈ U , every periodic point p ∈ Ug =
⋂

n∈Z g
n(U) is hyperbolic.

Lemma 2.5. Let Λ ⊂ M be a closed set. If Λ is robustly expanding

measure then Λ satisfies a local star condition.

Proof. Since Λ is robustly expanding measure, by Lemma 2.4, every

periodic points in Λ is hyperbolic. This means that Λ satisfies a local

star condition.

Lemma 2.6. [7] Let Λ ⊂ M be a transitive set. If Λ satisfies a local

star condition then Λ is hyperbolic.
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Proof of Theorem A Since Λ is robustly expanding measure, by

Lemma 2.5, Λ satisfies a local star condition. As Lemma 2.6, Λ is

hyperbolic. □
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